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ABSTRACT

In the interestof establishingrobust benchmarksfor
searchef�ciency, we conducteda seriesof testson sym-
bolic databasesof musicalincipitsandthemestakenfrom
several diverserepertories. The resultswe report differ
from existingstudiesin four respects:(1) thedataquantity
is muchlarger(c. 100,000entries);(2) thelevelsof melo-
dic andrhythmicprecisionaremorere�ned; (3) anchored
andunanchoredsearchesweredifferentiated;and(4) re-
sultsfrom joint pitch-and-rhythmsearcheswerecompared
with thosefor pitch-onlysearches.

The searchresultswere evaluatedusing a theoretical
approachwhich seeksto rank thenumberof symbolsre-
quiredto achieve “suf�cient uniqueness”.How far into a
melodymusta searchgo in order to �nd an item which
is unmatchedby any otherof the available items? How
much doesthe answerdependon the speci�city of the
query?How muchdoesanchoringthequerymatter?How
muchdoesthe resultdependon the natureof the reper-
tory?We offer experimentalresultsfor thesequestions.

1. REPERTORY

The musicaldatausedfor analysesin this paperarede-
rivedfrom Theme�nder1 whichcontainsafamily of data-
basesencodedin the Humdrumformat.2 Unlike MIDI
datain whichsomepitch-datacomparedto graphicalnota-
tion is ambiguous,this formatprovidesexplicit pitch and
rhythmdescriptionsfor all notes.This enablesevaluation
of the importanceof distinguishingbetweenenharmonic
spellings(e.g., G

�
vs. A � ) aswell asthe importanceof a

note'smetricposition.
Themainpurposeof theTheme�nderwebsiteis to en-

abletrainedmusiciansto identify worksby theirmelodies

1 http://www.themefinder.org
2 http://dactyl.som.ohio-state.edu/Humdrum
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Dataset Genre Orig. Code # Incipits� USRISM
A/II

Instrumental,
Vocal(17th–
18thcents.)

Plaine
& Easie

55,490

� Renaissance
(Italy)*

Motets
(16thcent.)

DARMS 18,946

� Classical* Instr., Vocal MIDI 10,718� Essen
European*

Folksongs EsAC 6,232

� Polish
religious
monophony

Devotional
songs,16th,
19thcents.

EsAC 6,060

� Essen
Asian*

Folksongs
(China)

EsAC 2,241

� Luxembourg* Folksongs EsAC 612
Total 100,299

Table 1. Constituentdatabasesusedfor analysis.Starred
itemsarepublicly searchable.

asremembered.Usersareassumedto benotationallylit-
erate,sincethey aremostlikely to seeka work-title. That
is, they areseekingtextualmetadatafrom asymbolic-data
search.Resultsareviewablein notationandplayableas
correspondingMIDI �les. The length of the queriesis
at the discretionof the user. The constituentcollections
(somepublicly searchable,otherslimited to licenseduse)
eachrepresenta differentkind of music(Table1).

The repertoriesvary substantiallyby musical mode.
Somecollectionsaretonal, somemodal,andoneis pen-
tatonic.Within thetonalcollections,signi�cant rangecan
be found with respectto diatonic,chromatic,and(occa-
sionally) enharmonicusage.The Essen-European,Clas-
sical,andRISM datasetsareoverwhelminglytonal. The
RenaissanceItalian databaseemploys modesof the pe-
riod; the Polishdatacontainstwo subsetsand is almost
evenlydividedbetweenmodalandtonalmonophony. The
Essen-Asiandatasetis pentatonic.Pentatonicism(theuse
of � ve tonesperoctave)makesscale-degreesearchesam-
biguous,sincemapping� ve-tonepro�les ontoseven-tone
grids yields inevitable differencesin scale-degreeusage.
Since we were interestedin comparingproceduresand
their effectivenessin differentrepertories,we did not at-
tempttocorrectfor thisdistortion.TheRenaissancereper-



toriessubscribeto differentsystemsof rhythmic organi-
zationthanwhat is conventionalin commonmusicnota-
tion. This complicatesthe investigationof multiple tiers
of precisionin rhythmic de�nition. The classicaldataset
is overwhelminglyinstrumental,while the Polishdatais
exclusively vocal.

Noneof the componentdatasetsin Theme�nderorig-
inatedas Humdrumdata,which representspitch, dura-
tion, barring, and the global variablesof notatedmusic
(metersignature,key signature,clef, etc.). However, All
therepertorieswereoriginally encodedat a level of detail
suf�cient to supporttranslationinto Humdrum,or were
signi�cantly manuallyeditedin thecaseof MIDI transla-
tions. Thetotal numberof recordsusedin this studywas
100,299.

The useof musical incipits raisesfundamentalques-
tionsof musicalidentity. All incipits aremonophonicas
usedin Theme�nder, but someof theunderlyingreperto-
riesarepolyphonic.In relationto polyphonicmusic,Lin-
coln [6] givesone incipit for eachvoice (typically � ve).
RISM givesthe incipit (usuallyfrom thehighest-pitched
instrumentor voice,e.g., Violin 1 or Soprano)but is gen-
erousin giving separateincipits for linked portionsof a
singlemovement(e.g., instrumentalritornelloandaria).

A qualitative difference distinguishesincipits from
themes. Incipits introducea song,work, or movement.
They serve well for shortworks that areuncomplicated.
Themesrepresentapieceof music(usuallya longer, more
complex one) in somemore essentiallycognitive way.
The mentalextrapolationof themesis a humantaskand
thereforevulnerableto subjective variation. As bestwe
know, thereisnostudyof thevariationthatmightbefound
by multiple subjectsin the identi�cation of thematicma-
terial.

In constructingthis analysis,we gave consideration
to the relationship(or lack thereof)betweenincipits (in
monophoniccontexts) andoverall pieces(we did not dis-
tinguish betweenincipits and themesper se). We sub-
sequentlycomparedsearchresultsfor incipit datacom-
paredto full-work datafor theEssenfolksongcollection
(in whichcentralEuropeanmusicpredominates).

2. EXISTING STUDIES

In searchingfor relatedliterature,we found few studies
whichweresystematicin natureandwhichaddressedsub-
stantialquantitiesof data,althoughmany studiestouched
on someaspectof this generalareaof inquiry. McNabet
al. [7], Dannenberg et al. [2], andRandandBirming-
ham[8] exploredsimilar proceduresbut in relation to a
query-by-singingsituation.

In [8] 188 MIDI �les wereusedasa basisfor pro�l-
ing durationalchange,pitch change,and “note-drop” in
an effort to simulatethe kinds of usererrorsanticipated
in sunginput. They notedthatcorrelationcoef�cients and
count correlationsperformedequally well in processing
andcombinedthemin a modi�ed scoringmetric. In [2]
onedatabaseof 2,844itemswasgeneratedfrom a MIDI

collectionof Beatlessongsanda second,of 8,926themes
(averaging41notes),wasbasedonanencodedcollection
of songs.Herethey comparedthe resultsof metricsde-
rived from (1) pitch plus inter-onsetintervals (IOI), (2)
melodiccontourmatches,and(3) HiddenMarkov Mod-
els. In [7] asimilarstudyto oursusingtheEssendatabase
wasconductedaspartof researchfor symbolic-musicre-
trieval via singing.

Theclosestparallelswith ourown work in purelysym-
bolic searchingare found in [4], [9], [10], and [5]. The
�rst two wereconcernedwith sortingrecordsstoredin re-
latedsymbolicdatabasesinto a musicalequivalentof al-
phabeticalorderfor bibliographicalpurposes(e.g., �nding
concordancesfor works which areanonymousor which
are attributed to multiple composers). The authorsof
[10] soughtto determinethe feasibility of the query-by-
hummingapproachby simulatingsomeof theknown de-
�ciencies in user input. They consideredmelodic rep-
resentationat � ve levels of pitch-resolution,althoughit
is unclearexactly how “intervals” werede�ned at some
levels (in the categories3, 5, 7, 9, 12) of pitch resolu-
tion. They attemptedto simulatedifferentlevelsof inac-
curacy in sungqueries.They reportedresultsfor different
databasesizes(of 0.6,1.2,2.5,and3.6million notes)and
search-key lengths(4–8tokens).They foundthata three-
interval contourrequireda 1.7 longerquery-lengththana
semitoneresolution. They reportedthat 5-state,7-state,
and9-staterepresentationsof theunderlyingmelodiesled
to similar resultsbut in all casesproducedimprovement
over three-staterepresentations.Theauthorsof [5] exam-
ined theeffectivenessof usingrhythmandpitch of notes
in parallelfor searchqueries.

3. DATA FEATURES

CurrentlyTheme�nderallows searchingfor musicexam-
plesby several levels of precision,going from very spe-
ci�c (exact pitch) to very general(grosscontour). How-
ever, for thisstudythedescriptivefeatureswereexpanded
to includerhythmaswell to examinewhich rhythmicfea-
turesmay be of bene�t whensearchingin Theme�nder.
Fourteensymbolic featuresof music were examinedin
this study—seven for pitch andseven for rhythm. Here
is a list of thesevenpitch featuresextractedfrom themu-
sicaldatawhichareorderedfrom speci�c to general:

p1 Enharmonicpitch class: Pitchesarenamedby dia-
tonic letter (A..G) andin�ection: natural( � ), sharp
(

�
), �at ( � ), double-sharp(x), or double-�at ( � � ).

p2 Musicalinterval: Thedistancebetweentwo pitches
speci�ed by melodic direction, diatonic size (3rd,
5th,etc.),and“quality”: perfect,major, minor, aug-
mented,or diminished.Table2 givesalist of the35
basicintervalsperoctaveconsidered.

p3 Twelve-tonepitch class: 12pitchesasemitoneapart
per octave which map one-to-oneon the musical
keyboard.



p4 Twelve-toneinterval: The distancebetweentwo
successive twelve-tonepitches in terms of semi-
tones.

p5 Scaledegree: Pitchesaredescribedby theirdiatonic
positionin a 7-tonescale(e.g., majoror minor).

p6 Grosscontour: Intervalsareassignedtooneof three
categoriesby melodic direction (up, down, or the
same).

p7 Re�ned contour: Intervals are assignedto one of
� vecategories:2 “steps”(pitchchangesof any type
of secondinterval) up or down, 2 “leaps” (pitch
changesof minor thirdsor greater)up or down, or
unchangedpitch.

namecodenamecode
C � 0
C� 1 C��� 39
Cx 2 C� 38
. 3 Bx 37

D ��� 4 B � 36
D � 5 B � 35
D � 6 B � 34
D � 7 B ��� 33
Dx 8 . 32
. 9 Ax 31

E��� 10 A � 30
E� 11 A � 29
E � 12 A � 28
E� 13 A ��� 27
Ex 14 . 26
F��� 15 Gx 25
F� 16 G� 24
F � 17 G � 23
F� 18 G� 22
Fx 19 G��� 21

name code name code
per1 0 per8 40
aug1 1 dim8 39
aaug1 2 ddim8 38

(ddim2) 3 aaug7 37
dim2 4 aug7 36
min2 5 maj7 35
maj2 6 min7 34
aug2 7 dim7 33
aaug2 8 (ddim7) 32

(ddim3) 9 aaug6 31
dim3 10 aug6 30
min3 11 maj6 29
maj3 12 min6 28
aug3 13 dim6 27
aaug3 14 (ddim6) 26
ddim4 15 aaug5 25
dim4 16 aug5 24
per4 17 per5 23
aug4 18 dim5 22
aaug4 19 ddim5 21

Table2. The35pitch-namesperoctaveandmusicalinter-
valsusedin p1(pch) & p2 (mi) Codesgivenin abase-40
enumeration[3]. Intervalsin parenthesesnotconsidered.

We have observed that exact-pitchsearchespenalize
faulty recollectionand that gross-contoursearchesoften
produceanexcessivenumberof prospectivematches.We
have cometo believe thatscale-degreesearchesareover-
all themostrobust for searchingfor tonalmusicincipits.
Scale-degreesearchestie for themost-usedsearchtypeon
Theme�nder, alongwith the exact-pitchsearchfollowed
in third placeby grosscontour. 3

Two- to three-letterabbreviationsusedin thispaperfor
eachpitchandrhythmfeaturearegivenin Table3. In ad-
dition to the seven pitch featuresdescribedabove, seven
rhythmfeatureswerealsoextractedfrom themusicaldata
for this study. Rhythmcanbecategorizedinto two basic
componentsof durationand meter. Threelevels of du-
ration andfour levels of metric featuresaregiven in the
following list:

r1 Duration: thedurationof notesin themusicalscore
(not thesameasperformanceduration).Also called
inter-onsetinterval in perceptualstudies.

3 http://ismir2003.ismir.net/tutorials/Sapp fichiers/slide0025.htm

Abbr. Search type # states
p1 pch enharmonicpitchclass 35
p2 mi musicalinterval (35)
p3 12p 12-tonepitchclass 12
p4 12i 12-tonepitch interval (12)
p5 sd scale-degree(diatonicpitchclass) 7
p6 pgc pitchgrosscontour 3
p7 prc pitch re®nedcontour 5
r1 dur duration ?
r2 dgc durationgrosscontour 3
r3 drc durationre®nedcontour 5
r4 blv beatlevel 2
r5 mlv metriclevel ?
r6 mgc metricgrosscontour 3
r7 mrc metricre®nedcontour �

Table 3. Symbolicmusicfeatures.Numbersin parenthe-
sesnot limited to oneoctave in the study. Stateslisted
with “?” arenot enumerablewithout a speci�c database
(seeTable4).

r2 Durationgrosscontour: Thefollowingnoteis char-
acterizedasbeing(1) longer, (2) shorteror (3) equal
in durationto thecurrentnote.

r3 Duration re�ned contour: A re�ned versionof the
rhythmic grosscontourwhere longer and shorter
are further split into two sub-categories: (1) next
noteis ���	� aslong, (2) next note 
���� aslong,
(3) next noteis sameduration,(4) next noteis 
����
asshort,and(5) next noteis �
�	� asshort.

r4 Beatlevel: A grossmetricdescriptionof notesbe-
ing either(1) on thebeat,or (2) off thebeat.

r5 Metric level: A re�ned metric descriptionof the
metric position(in a particularmeter). For exam-
ple, beatscould be on the quarter-note level, 8th-
noteoff-beatswould bethe8th-notelevel.

r6 Metric gross contour: qualitative differencesbe-
tweenmetric levelsof adjacentnotes:(1) next note
is onastronger, (2) weaker, or (3) equivalentmetri-
calposition.

r7 Metric re�ned contour: re�ned qualitative differ-
encesbetweenmetriclevelsof adjacentnotes.Met-
ric changesplacedin � vecategories,wherethenext
noteis in ametricpositionwhichis: (1) weaker, (2)
muchweaker, (3) stronger, (4) muchstronger, or (5)
thesameasthecurrentnote.

TheTheme�ndersearch-enginealsoallowsusersto �l-
terby meter-signatures,but it currentlyoffersnosearches
of rhythmic featureson an item-per-item basisas listed
above. Figure1 demonstratetheextractionof variousfea-
turedatafrom a musicalincipit.

In actual datasets,not all possiblefeaturestatesare
used. We �nd that the numberof statesencounteredat
higher-ordersof pitch precisionvariesfrom repertoryto
repertory. Also, intervallic searchesat higher levels of
precisionarecomputedwith discreteoctaves(i.e., thein-
terval of a perfecttwelfth is not equatedwith that of a
perfect�fth), so the rangeof actualfeaturestatesvaries
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Figure 1. Examplemusicalongwith extractedpitch and
rhythmfeatures.

Search Type Classical Polish All
12i 70 40 88
pch 29 26 32
mi 95 52 109
dur 109 29 122
mlv 10 12 14

Table 4. Numbersof statesfor variablefeatures.

with thedatabaseandthesymbolextractionmethod.Ta-
ble4 showsvariousexperimentalstatecountsfor selected
repertories.

3.1. Searching Procedures

WeusedtheTheme�nderdatacollectionsdirectlyto avoid
restrictionsof thewebinterfaceandto processdatamore
quickly with a specializedsearchingprogramwritten in
C which storedthe data in memory betweensearches.
Anchoredsearchesof the database(searchesthat match
from the start of an incipit only) could be done at a
rate of 500/secondwith 100,000incipits on a 1.5 GHz
computer. Fully examininga particularmusicalfeature's
searchcharactisticson theentiredatabaserequiresabout
onemillion databasequeries,takingabout1/2 of anhour
to complete.

Unanchoredsearches(searchingstartingat any posi-
tion in theincipit aswell asthebeginning)requiredlonger
searchtimes of about5 searches/secondon 1.8 million
notesin thecombineddatabase,with searchstatisticstak-
ing almost threedaysper featureto collect. Anchored
searchesare suitablefor incipits. Unanchoredsearches
maybemoreusefulfor �nding themesin completeworks.

We ran searchtestson eachof the variouspitch and
rhythmfeaturesetslistedin Table3. With those�gures in
hand,wethenranasetof joint pitch-rhythmfeaturesearch
teststo usefor comparison.We alsotestedtheresultsfor
incipits againstthe resultsfor full-score searchesin the
Essendataset.Our purposewasto determinethe extent
to which the testswe ran on incipits would be valid for
completeworks(Table6).

4. EFFECTIVENESS MEASURES

Three related conceptswere developed for analyzing
searchcharacteristics:(1)MatchCountPro�les, (2)Time-
to-Uniquenessandto Suf�ciency, and(3) variousentropy
measurements.Theseconceptsaredescribedin detail in
theeachof thefollowing subsections.

4.1. Match Count Pro�les

Performinga searchwith a short query sequenceyields
more matchesin the databasethan longer query se-
quences.Therefore,aMatch CountPro�le wasdeveloped
to examinethebehavior of thematchcountsasthequery
lengthis increased.For example,Table5 shows the an-
choredandunanchoredMatchCountPro�les for themu-
sic in Figure1 usingscale-degreefeatures.

QueryLength 1 2 3 4 5 6 7 8 9 10 11
Anchored 2493 566 288 126 64 18 12 5 4 2 1
Unanchored 8399 4834 1772 626 259 56 36 10 6 2 1
Theoretical 1643 304 64 14 3 1

Table 5. MatchCountPro�les for musicin Figure1.

In Table 5, the query length indicatesthe numberof
elementsusedin thesearchstartingfrom the�rst notein
the music. For example,the length-fourquery is “1 3 5
5”. Thisqueryresultedin 126totalsongsstartingwith the
exactsamepattern,and626songswhichcontaintheexact
samepatternanywherein thesong.

The “theoretical” line at the bottom of the table in-
dicatesa predictionof how many anchoredmatchesthe
queryis expectedto generategiventheprobabilitydistri-
bution of symbolsin the databasewhich will be exam-
ined in theentropy sectionin furtherdetail. Table5 also
demonstratesthatthequerylengthneededto �nd aunique
matchis thesamewhetherthesearchwasanchoredat the
startof themusicor allowed to startanywherein a short
monophonicsong.

After generatingindividual feature pro�les for all
themesin the database,the similar-featurepro�les were
averagedandcanbeseenin Figure2. This �gure shows
pro�les for eachof the 14 pitch andrhythm featuresex-
tractedfrom musicin thedatabase.Succinctfeaturesets
display steeperslopeson the curves. All pitch features
�nd uniquematchesin the databaseby about12-length
queries;howeverrhythmfeaturesrequiremuchlongerse-
quencesto uniquely�nd matchesin thedatabase.

The two rhymic features,blv andmgc areexception-
ally badat �nding uniquematches.Themgc featurehas
an unusuallygradualslopewhen comparedto mrc but
it still seemsto be correctafter carefuldouble-checking
of the dataandmay just be a peculiarityof the folksong
dataset.

4.2. TTU and TTS

We now de�ne two experimentalmeasuresof importance
in theMatchCountPro�les:
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Incipit only Full work
Anchored TTU (mi) 6.87619 8.74826

seach Failurerate 0.669% 0.0354%
Unanchored TTU (mi) 7.926 10.2858

search Failurerate 1.07% 0.0472%

Table 6. Comparisonof TTU for incipits andfor thefull
worksfrom whichthey originate(basedonEssendataset).

� Time-to-uniqueness(TTU): the query length re-
quiredto �nd auniquematchin thedatabase.� Time-to-suf�ciency (TTS): the query length re-
quired to �nd an upperlimit to the numberof re-
sultingmatches.

Figure 2 marks the TTS level for the upper-limit of
matchcountswhen it is set to 10 matches,aswe do so
arbitrarily throughoutthis study. As it turnsout, TTS is
preferableto TTU whencalculatingtheentropy in thefol-
lowing sectionwheretheinitial slopeof thepro�le is used
to estimatetheentropy rate.To verify thisobservation,ex-
aminethepitchfeaturecurvesin Figure2. Thestartof the
curvesarenearlylinear on a logarithmicscale,but when
approachingtheTTU point they signi�cantly �atten out.

Theconvergencepatternshowsin Figure2 is represen-
tative of whatwe found in all of thedatabases,although
thereare small differencesin the detailsfrom repertory
to repertory. The averageTTS, given the greatestpreci-
sionin pitchresolutionandananchoredsearch,wasfound
to be lessthan6 [datatokens],but the performancedif-
ferencesbetweenthe four mostpreciselevels weremin-
imal. This con�rms andre�nes previousresultsreported
by Schlichte[9] andHoward[4].

No TTU couldberetrievedfor highly genericthemes,
but the detailsvary by datasetsizeandfeatureset. (For
example,for pgc in theclassicalset,11%did not achieve
TTU within thefull incipit size.)Becausecertainincipits
did not have a uniquematch,their TTUs wereexcluded
from averages.Figure3 givesthe TTU andTTS failure

ratesfor the entire datasetfor variousmusical features.
Lessspeci�c featuresyield higherfailure rates. It is im-
portant to note that TTU was given a specialde�nition
for this studyto prevent falsefailures: if a singlematch
wasnot foundby searchingwith anentireincipit, thenthe
searchwasstill determinedto reacha uniqueend if the
matchcountwasthesamefor theentireincipit minusthe
lastnote.
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4.3. Entr opy

Entropy is a measureof diversityusedin comparisonsof
information.In mathematicalterms,entropy,

�
	���

, eval-

uatestherandomnessof avariablein termsof how widely
spreadtheprobabilitydistribution, � 	���
 , is. Mathemati-
cally, it canbeshown that ��������� is never larger thanthe
actualnumberof states.

�
	���

is measuredin bits and

canbecalledthe�rst-order entropy. Equation1 givesthe
de�nition of �rst-order entropy [1],

�
	���
������� �  "! �
�$#&%�'�(

�
�

(1)

where � is the normalizedprobability distribution (the
sum of all �

�
is 1) of the randomvariable

�
, and ) is

thenumberof stateswhich
�

mayposses.As anexam-
ple, Figure 4 shows the probability distribution for pch
and 12p featuresin all datasetswhich yields �rst-order
entropiesof 3.40and3.33bits/symbolrespectively.

On theotherhand,theentropy rate, * 	��,+-
 , describes
the unpredictabilityof a randomprocess

�,+
. A random

process,
��+

, with a large�rst-order entropy doesnotnec-
essarilyhave a large entropy rate sincethe sequenceof
elementsin theprocessmaynotbepurelyrandom.Math-
ematically, it canbeshownthat * 	��,+-
 
 �.	���
 . * 	��/+-

is measuredin bits/symbol.

If
�

variesin time and forms an 0 -length sequence,
thenits entropy rate, * 	���+-
 , is de�ned as

* 	�� + 
1� �
	��/+-

0 (2)
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Figure 4. Exampleprobability distributionsfor pch and
12p features(all datasets).The pitch E � occursin pch
aboutoncein everytennotes,whileA � � occursaboutonce
in a million notes.

where
��+

denotestherandomvector(
� ! , �

(
, ����� , � + ),

andits entropy canbecalculatedbysummingoverall pos-
siblesequenceprobabilities:

�
	�� + 
���� �� �
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The total numberof termsin Equation3 is ) + , which is
thetotal numberof possible0 -lengthsequences

� +
may

realize.
�
	���+ 


canbe calledthe 0 -th orderentropy. In
otherwords,theentropy rateis theaveragenumberof bits
per symbolneededto encodea certainsetof

�,+
, while

the 0 -th orderentropy is thetotal numberof bits required
to encodethesamesetof

��+
.

Calculating
�
	���+ 


is complicatedandnot usefulfor
our purposes,especiallysinceincipit lengthsvary, sowe
useTTS to estimatetheentropy rate, * :

* �
#&%�' (

$ %
TTS

% (4)

where & is the total number of unique incipits in a
dataset,K de�nes the cutoff numberof matchfor suf�-
ciency ( ' �)(+*

arbitrarily for our purposes),andTTS is
the averagetime-to-suf�ciency of all anchoredsearches.
TTS determinesentropy ratemoreaccuratelythanTTU
does,provided that the search-decayrate remainsexpo-
nentialup to theTTSpoint.

Whencombiningtwo featuresin asearch,severalother
information-theoryconceptsare useful. Joint entropy,�.	-,�.�/ 


, refersto the combinedentropy of the features.
The joint entropy is alwayslessthanor equalto thesum
of the individual features.Mutual information, ) 	-,�0�/ 
 , is
that portion of the joint entropy which is sharedby both
features(seeFigure5).

Weattemptedto determinehow “complex” eachof the
repertoriesis. Figure6 comparesthe �rst-order entropy
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with theexperimentallymeasuredentropy ratefor thevar-
ious datasets.The �rst-order entropy indicatesthemaxi-
mum expectedcomplexity of the music,andthe entropy
rate quanti�es the actualcomplexity. Figure 6 demon-
stratesthat theclassical-themedatasetis the most“com-
plex” from theperspective of informationalfeature(here
12p) variety, while thePolishreligious-songcorpusis the
least “complex.” The Renaissancedatasethas the low-
est�rst-order entropy. However, its entropy-rateis higher
with respectto its entropy than any other dataset. This
meansthateventhoughtheRenaissanceincipitsusefewer
twelve-tonepitchesthantheclassicalthemeset,theincip-
its arejustas“complex.”
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Figure 6. Twelve-tonepitch (12p) entropy per repertory,
sortedby �rst-order entropy. Light barsshow �rst-order
entropy. Darkbarsshow entropy rate.

Notethat theentropy ratesin Figure6 arealwaysless
thantheentropy for eachdataset.Thisindicatesthatmelo-
dic sequencesarenot purelyrandombasedon thefeature
probabilitydistributionsandexplainswhy the theoretical
matchcountsin Table5 aretoo low.

5. JOINT SEARCH FEATURES

With themeasuringtechniquesdescribedin theprevious
sections,it is usefulto now considertheeffectsof combin-
ing pitchandrhythmfeaturesinto asinglesearch.Entropy



Entropy Type De®nition Value
pgc®rst-orderentropy

243
pgc

;
1.5325

dgc®rst-orderentropy
243

dgc
;

1.4643
Joint®rst-orderentropy

243
pgc

7
dgc

;
2.9900

Conditionalpitch
entropy (givenrhythm)

243
pgc

=
dgc

;
1.5256

Conditionalrhythm
entropy (givenpitch)

243
dgc

=
pgc

;
1.4575

Mutual information
243

pgc
;��

243
pgc

=
dgc

; 0.0068

Table 7. Calculationof mutual information from �rst-
orderpitch andrhythmentropies(valuesbasedon Essen
datasets).

SearchFeatures TTS TTU
pgc 7.4 12.1
dgc 11.2 17.0
pgc+ dgc 4.6 8.4

Table 8. TTU andTTS valuesfor Essendatafor separate
andjoint prc anddgc features.

calculationsof mutual information show that pitch and
rhythmfeaturesarevery independent(Table7, sosearch-
ing with bothat thesametime is nota wastefulendeavor.

To implement joint searchesin practical terms, we
enumeratedboth the pitch andrhythm featuresin series
onto the sequenceof prime numbers,and then multi-
plied thepitch andrhythmfeaturestogetherto geta one-
dimensionalsearchsequencewhich couldbesearchedin
the samemanneras the pitch or rhythm featuresalone.
If necessary, this setcanthenbe decomposedagaininto
theoriginal two featuresetswithout anadditionallookup
table.

For example,thecombinedpgc-dgc searchemploys 9
states.pgcstatescanbeassignedto theprimes2, 3,and5.
dgc statescanthenbe assignedto the next threeprimes:
7, 11, 13. Then the possiblestatesfor the joint search
pgc-dgcwould be:14,21,22,26,33,35,39,55,and65.

Searchescombiningpitchandrhythmicfeaturessignif-
icantly reducedtheTTS andTTU. For example,Table8
showsthatbothTTSandTTU querylengthswerereduced
about30%for pgc-dgc joint-featuresearches.

Comparingall pitchfeaturesjointly searchedwith dgc,
a similar reductionin TTS lengthis noticedin all reper-
tories(Figure7). Thesetestsgaveusefulinsightsinto the
resultsof the more extensive seriesof measureswe de-
rivedfrom couplingdgcwith eachlevel of pitchprecision
(Figure2).

Figure8 showsMatchCountPro�les for two pitchfea-
tures and two rhythmic featuresalong with their joint-
featurepro�les. Two interestingthingsareshown in this
�gure: (1) thelow-detailpgc featureplusa rhythmicfea-
ture performssearchesasgoodasor betterthan12i fea-
turesalone,and(2) morespeci�c rhythmic featuresgen-
eratelower TTS valuesthanlessspeci�c features.How-
ever, chosingdifferentrhythmicfeaturesto combinewith
a particular pitch featuredoesnot greatly improve the
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Figure7. Pitch-onlycomparedto joint searcheswith dgc
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searchalone. Dark barsshow joint TTS valueswhena
pitch featureis combinedwith dgc.

TTSvaluesasopposedto choosingadifferentrhythmfea-
ture.Notein particularin Figure8 thatthe6-statepgc-blv
joint featureis almostidenticalin entropy-rateto 12i alone
whichhasabout20states.
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6. CONCLUSIONS

The threesearch-effectivenessmeasuringtechniquesde-
scribedin this paperareuseful in quantitatively evaulat-
ing thesearchpropertiesof themultitudeof featuresthat
canbeextractedfrom musicaldata.In particular, applying
thesemetricsto ananalysisof joint pitch-rhythmfeatures
clearlysumarizestheimprovementsin searchtimeswhich
arepossibleunderrealisticsearchconditions.



An importantveri�cation in thissetof testswasthatthe
most signi�cant increasesin search-effectivenesscome
from the progressionsin quantizationprecision from
pitch/gross-contour(pgc) to prc, and from scaledegree
(sd) to 12-tonepitch (12p). However, the improvement
in performanceof sd (7 states)over prc (5 states)is
slight, a �nding which is generallysimilar to [9]. Also,
twelve-tonesearchesarepreferableto enharmonicpitch-
classsearchesbecausepch/12pandmi/12i matchpro�les
werecoincidentto aboutonepartin 10,000.Sincethe12p
statesarefewerthanpch'sandtheirsearchcharacteristics
arenearlyidentical,twelve-tonesearchesarepreferrable
for minimizingqueryerrors.

Anotherusefulresult is the relative orderingof effec-
tivenessfor variousrhythmicfeaturescanbemadeby ex-
aminingFigure2. All rhythmicfeaturesarelesseffective
for searchingthanthe mostgeneralpitch featureof pgc.
From mostspeci�c to mostgeneral,the rhythm features
are: mlv, dur , mrc, drc, dgc, blv, andmgc. However,
thesefeaturesarenarrowly clusteredin theiref�ciency, so
differentrepertoriesmayreorderthemslightly.

Combining dgc and pgc is a particularly effective
searchstrategy sincethereis little mutualinformationbe-
tweenthetwo features.Both featuresarevagueby them-
selves,but togetherthey arejust asor moreeffective than
pitch-only scale-degreesearches.Interestingly, incorpo-
rating dgc with othermorespeci�c pitch featuresyields
only marginally betterTTS/TTU times(about1.5 fewer
notesrequiredin the searchquery, as comparedto 4.5
fewernoteswith pgconaverage).

Octave information does not signi�cantly improve
searchresults, since the pch/12p and mi/12i sets had
nearly identical entropy rates. The pch/12p set did not
encodeoctave, while the mi/12i setpreservedoctave in-
formation. Also, enharmonicspellingsarenot moreef-
fective thantwelve-tonesearchtypes,since12p andpch
havesimilar entropy andverysimilarentropy-rates.

Further analytical materials, updates and results
can be requestedand are posted on the internet at
http://theme�nder.org/analysis.
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